Abstract. The isothermal problem of a mode I fracture of a shape memory alloy (SMA) plate is considered. Although the plate material is in the austenitic phase at a reference temperature, the martensitic transformation is triggered by high effective stresses at the tip of the crack. The phase transformation is accompanied by a reduction of the stiffness and strength that affects the extent of the plastic zone. The analysis is based on a two-dimensional version of the Tanaka constitutive theory for SMA. The goal is to evaluate the size of the plastic zone in front of the crack and the effect of the superelastic phase transformation on the stress intensity factor. This estimate can be used for better understanding of damage tolerance of SMA plates.
Introduction
Development and analysis of smart materials and structures represents one of the most promising and challenging areas of applied mechanics. Recently, practical applications have been successfully pursued, notably in such high-tech fields as aerospace and biomedical engineering. Shape memory alloys (SMA) represent a class of smart materials that can be employed in applications that require high recovery stresses or strains. The main feature of these alloys is related to the phase transformations from austenite to martensite and back that can be triggered by temperature or stresses. The martensite stiffness and strength are inferior compared to those of austenite. Therefore, the material that was originally in the austenitic phase can be transformed into martensite as a result of either low temperature or external stresses and plastically deformed with a relative ease. However, it recovers the original shape if subject to the reverse transformation to austenite (shape memory). Significant strains or stresses can be generated in the regime of unconstrained or constrained recovery, respectively. A review of mechanics of SMA and their applications can be found in the review paper of Birman (1997) .
The problem considered in this paper is related to fracture of SMA sensors or actuators. The mode I fracture is analysed for a SMA plate with a central crack. The analysis is concerned with the presence of the plastic zone in front of the crack and its effect on the stress intensity factor. The solution analyses the influence of the martensitic phase transformation associated with a stress concentration around the tip of the crack on the size of the plastic zone. As follows from the analysis, the size of the plastic zone increases, as a result of the phase transformation. Accordingly, the stress intensity factor increases, as compared to the case of the austenitic plate. This phenomenon has to be accounted for when predicting structural health of SMA sensors and actuators, particularly, if the external stresses are comparable to the yield limit of martensite.
Analysis
Consider a thin infinite SMA plate with a finite-length crack subjected to in-plane tensile stresses acting perpendicular to the crack axis (mode I fracture). The temperature is higher than the martensite start value so that in the absence of external loads the material is in the austenitic phase. When the loads are applied, a plastic zone appears in front of the tip of the crack (figure 1). The radius of this zone can be determined using the methods of Irwin (1960) , Dugdale (1960) or Barenblatt (1962) . Following Irwin (1960) , this radius is determined based on the von Mises yield criterion. In the case of plane stress considered here the extent (diameter) of the plastic zone is
where K I is the stress intensity factor and σ y is the yield stress of the material. The effect of the plastic zone on the linear elastic fracture mechanics solution can be accounted for, if its radius is added to the size of the crack in the calculation of the stress intensity factor (Anderson 1991) . Accordingly, in the case of mode I fracture in an infinite plate,
where σ 0 is the external nominal stress and a is the size (half-length) of the crack. To predict the failure, the effective stress intensity factor calculated according to (2) should be compared to the fracture toughness of the material.
In the case of a SMA plate at a temperature exceeding the martensite start level, the stress-induced martensitic transformation can be triggered by tensile stresses. Therefore, the solution has to be modified to account for formation of stress-induced martensite (SIM). If the material in front of the crack tip has been transformed into martensite, the region of pure martensite extends from the tip of the crack to the boundary of the region where the transformation is not complete. The extent of the region of pure martensite is denoted by r M (figure 2). The region of mixed austenite and martensite encompasses the region of pure martensite and its extent is r A , as shown in figure 2. It is necessary to specify the size of the plastic zone and to compare it to r A and r M . This zone may extend within the region of pure austenite. On the other hand, it may be encompassed by the region of pure martensite or its boundary may be located within the region of mixed austenite and martensite.
A similar situation is encountered if the material has been at a temperature corresponding to a mixed austenite and martensite, i.e., between the martensite start and finish temperatures. Then an application of tensile stresses may result in an emergence of a region of pure martensite in the vicinity of the crack. Even if the stresses are not sufficient for a complete transformation around the crack tip, the martensitic fraction throughout the plate will increase. This case can also be analysed using the approach presented in the paper.
To compare the size of the plastic zone to the size of the region of SIM formed at the tip of the crack, one has to specify a constitutive theory for SMA. The review of these theories can be found in the paper of Birman (1997) . In the present paper, the theory of Tanaka (Tanaka and Sato 1986 ) is adopted. While the original theory was developed for a one-dimensional case, it is generalized here for the plate in the state of plane stress (such generalization can be found in the papers of Boyd and Lagoudas 1993 and Birman et al 1996) . According to the generalized theory, the martensitic fraction (ξ ) is the following function of temperature and effective stresses:
where σ is the effective stress, M 0 S is the martensite transformation temperature corresponding to the stress-free state, T is a current temperature and d M is the slope of the martensite transformation temperature lines in the stresstemperature plane. It is assumed in this paper that the slope of the transformation temperature lines in the plane 'effective stress versus temperature', i.e., d M , is identical to that in the one-dimensional case. The constant b M is defined by
where M 0 F is the stress-free martensite finish temperature. The effective stress in (3) is defined as the von Mises effective stress that was also employed in the theories of Liang and Rogers (1991) and Boyd and Lagoudas (1993) :
where σ ij is a component of the deviatoric stress tensor.
Note that the effective stress should account both for the local stresses as well as for the externally applied uniform stresses. Therefore, in the present problem, considering the stresses along the axis of the crack (θ = 0), one obtains
where σ rr and σ θθ are the stresses in the radial and tangential directions, respectively.
If the stresses in front of the crack are considered, the linear elastic fracture mechanics solution corresponding to θ = 0 yields
Accordingly, in the vicinity of the tip of the crack where local stresses dominate, the effective stress along θ = 0 is equal to the radial and circumferential stresses given by (7). The boundaries of the regions of pure martensite and pure austenite can now be determined from the nucleation criterion that specifies the effective stresses corresponding to the start and finish of the martensitic transformation:
Combining the effective stress with the right side of inequality (8) the extent of the martensitic zone in front of the crack tip is obtained as
Accordingly, the extent of the pure austenite region is obtained using the left side of inequality (8) as
Note that (9) and (10) are obtained by assumption that the stress distribution in front of the crack is not affected by the martensitic transformation. This assumption results in a violation of the compatibility condition in the region of mixed austenite and stress-induced martensite, i.e., for r M < r < r A . However, it is shown below that this approach may be justified if the region r M < r < r A is subdivided into a number of narrow subregions so that both the modulus of elasticity and the martensitic fractions remain constant within each subregion (piece-wise constant functions).
The constitutive equations of the Tanaka theory corresponding to a superelastic martensitic transformation are σ = Cε + Ωξ
where σ and ε are vectors of stresses and elastic strains, respectively, C is the matrix of instantaneous elastic stiffnesses and Ω is the transformation tensor. The components of this tensor are selected to be proportional to the maximum transformation strain observed in uniaxial loading (Birman et al 1996) . Accordingly, if the martensitic fraction and the elastic moduli remain constant within a certain region, the second term in (11) is also constant within this region. The strain tensor can now be obtained from (11) as
where both C and Ωξ are constant. Therefore, a correction to the tensor of strains due to the phase transformation is also constant. The solution of the plane fracture problem is obtained using the stress function that satisfies the equations of equilibrium. The compatibility equation employed to specify the stress function includes only derivatives of the components of the strain tensor (see, for example, Anderson 1991). Therefore, this solution is not affected by SIM within the subregions of constant martensitic fractions and elastic moduli. Reducing the width of these subregions, it is possible to generate a solution that would satisfy the equilibrium and compatibility conditions, although the strains calculated from (12) would exhibit discontinuities along the boundaries of the subregions. Another issue that should be addressed in future investigations is the applicability of (2) for the stress intensity factor when a phase transformation is present. In this paper, it is assumed that (2) remains valid, even when the external load is sufficient to trigger the transformation. Now consider three possible scenarios. If the radius of the plastic zone calculated using the value of the yield stress corresponding to austenite is larger than r A , plastic effects dominate the response of the material in the vicinity of the crack tip. In this case, fracture is predicted based on (2) and the value of fracture toughness corresponding to austenite. In the second scenario, the plastic zone is located within the region of pure martensite. In this case, the radius of this region should be calculated using the yield stress of martensite.
The challenging task is to calculate the size of the plastic zone if its boundary is located between the regions of pure martensite and austenite, i.e., if r M < r p < r A . In this case, it is necessary to specify the value of the yield stress corresponding to the martensitic fraction at r = r p . Based on experimental results presented by Funakubo (1987) for three different NiTi systems and in the report of Jackson et al (1972) for Nitinol-55, it is assumed in this paper that denote the yield limits of austenite and martensite, respectively. Now, for a given value of the external stress σ 0 , the value of the stress intensity factor can be obtained from (2) where the plastic zone is disregarded. Subsequently, the effective stress and the martensitic fraction are obtained for each value of the radius within r M < r < r A from (7) and (3). Finally, the yield stress σ y (r) is calculated from (13). This stress can be used in (1) and (2) to adjust the stress intensity factor and the process is repeated again until a satisfactory convergence has been achieved.
It is useful to specify temperatures corresponding to the situations when the boundaries of the plastic zone extend into the regions of pure austenite or pure martensite. Using (1), (9) and (10) one obtains
and
Inequality (14) defines the values of temperature corresponding to the plastic zone extending into the austenitic region. Temperature that results in the plastic zone located within the martensitic region is specified by inequality (15). The range of temperatures between the values given by inequalities (14) and (15) corresponds to the case where the boundary of the plastic zone is located within the region of mixed austenite-martensite. Note that temperatures predicted by inequalities (14) and (15) are independent of the magnitude of the external stress.
Finally, it is necessary to indicate that fracture toughness of austenite and that of martensite differ. Therefore, an extensive experimental program is needed to determine effects of temperature and effective stresses on fracture toughness of SMA.
Numerical results
The material of the plate considered in the following examples was Nitinol-55, i.e., an alloy of nickel and titanium where the latter element constitutes about 45% of the total weight. The properties of the material were adopted from the work of Lei and Wu (1991) and White et al (1993) . In particular, according to Lei and Wu (1991) , Ni-44.8 wt% Ti annealed at 600 (White et al 1993) . Note that these limits, particularly in the case of austenite, differ from the values presented by Jackson et al (1972) . Such differences can be due to different technologies involved in manufacturing of the materials. It should also be noted that data presented by White et al (1993) refer to two-way shape memory material. Nevertheless, the material data adopted here yield the results that reflect the qualitative features of the problem.
As follows from inequalities (14) and (15), the plastic zone in a Nitinol-55 plate subjected to mode I fracture will expand into the austenitic region, if T > 40
• C. On the other hand, this zone will be within the martensitic region at T < 11
• C. Distributions of the martensitic fraction in front of a crack (θ = 0) in the SMA plate at T = 27
• C are shown in figure 3 for three different values of external stresses. The martensitic fraction varies from ξ = 1, corresponding to pure martensite, to ξ = 0.01, that is associated with pure austenite. As follows from this figure, the width of the region of mixed austenite-martensite drastically increases as a result of an increase of external tensile stresses.
Variations of the yield stress in the same plate are illustrated in figure 4. It is evident that the yield stress rapidly decreases in the vicinity of the tip of the crack due to the formation of SIM. Note that in the cases considered It is necessary to estimate an effect of the phase transformation on the stress intensity factor. Combining (1) and (2) and neglecting the effect of the plastic zone on the stress intensity factor used to evaluate the radius of this zone, one obtains a simple formula for the ratio between the stress intensity factor affected by the phase transformation and this factor for the austenitic plate:
Note that the actual yield stress cannot be less than the martensite yield stress. Therefore, a conservative prediction of the effect of the phase transformation on the ratio f can be obtained if σ y (ξ ) is replaced with σ M y . The corresponding result is shown in figure 5 that implies a relatively small effect of the phase transformation on the stress intensity factor as long as the external load remains below the yield limit of martensite. In reality, the effect of the phase transformation is even smaller. For example, if the external stress is equal to 100 MPa, the actual result is f = 1.15, while the simplified solution obtained by (16) using σ M y instead of σ y (ξ ) yields f = 1.20. Note that the results shown in figure 5 are affected by temperature through the value of the martensitic fraction in (16).
Conclusions
An approximate solution for the mode I isothermal fracture problem of SMA plates is presented.
The analysis concentrates on the superelastic stress-induced martensitic transformation in front of the crack and its effect on the stress intensity factor. The results generated in the paper indicate that the effect of the phase transformation on the stress intensity factor is relatively small. Accordingly, it is suggested that the magnitude of the stress intensity factor may be evaluated based on the properties of austenite.
Although the actual stress intensity factor is larger than its austenitic counterpart, this difference becomes significant only at high external stresses approaching the martensite yield stress.
The principal problem in estimating the anticipated failure of a SMA component is related to the evaluation of fracture toughness. This parameter will also be affected by the stress-induced transformation in front of the crack and an extensive experimental investigation is needed to generate reliable estimates.
